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Abstract 
This paper proposes inflow and outflow boundary conditions for direct computation of airfoil noise under the influence of im-
pinging gusts with a particular interest in the high frequency response. The proposed boundary conditions are based on an exist-
ing zonal sponge technique that has been used mostly to attenuate outgoing disturbances and absorb reflections from computa-
tional boundaries. A modified form of the sponge technique is presented in this paper in order to specify an incoming distur-
bance. The proposed boundary conditions still maintain the genuine non-reflective features that lead to accurate calculations of 
far-field sound intensity and directivity. It is also shown that the proposed boundary conditions enable the use of a significantly 
smaller domain size, and hence fewer grid cells, than used in conventional airfoil calculations, which enables the calculation of 
high-frequency gust-airfoil noise at a much lower computational cost. The proposed boundary conditions are validated against 
CAA (computational aeroacoustics) benchmark solutions after a variety of parametric tests, through which an optimal combina-
tion of the domain size, sponge thickness and a sponge coefficient is obtained for the highest efficiency. The proposed boundary 
conditions yield more accurate and consistent solutions particularly at the far field than the conventional ones. Further applica-
tions to high-frequency gust responses are performed to observe and demonstrate significant changes in the sound intensity and 
directivity varying with different frequencies and gust incidence angles. 
 
© 2010 Published by Elsevier Ltd. 
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1. Introduction 
In recent years, there has been significant progress in the development of artificial boundary conditions for the 
computation of compressible flow and sound as reviewed extensively by Colonius [1]. Part of the progress is related 
to the use of “sponge zones” that are an efficient technique of inflow forcing or outflow damping represented by a 
term −σ (q − qref) added to the right-hand-side of governing equations, where σ is a free parameter to control the 
strength of the forcing/damping, q is a flow variable and qref is the reference solution desired in the sponge zone. Al-
though this technique is widespread, primarily to remove outflow disturbances and wave reflections from bounda-
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ries, it is also useful for seeding inflow disturbances into the domain. There are some examples of inflow forcing via 
sponge zones shown by Freund et al. [2-5] for transmitting instability waves into jets and shear layers. Meanwhile, 
Bodony [5] used this technique to represent an acoustic source at the center of an ambient field. However, existing 
publications are limited to unbounded domains without a solid body inside. The present work aims to demonstrate 
its application to an aeroacoustic problem including a solid body (an airfoil in particular) for direct computation of 
gust-airfoil interaction noise. 
Gust-airfoil interaction is considered as one of the contributing aerodynamic noise sources of aircraft turbofan 
engines [6]. Currently, there exists substantial work done on analytical models and linearized Euler solutions by 
means of singular perturbation methods that provide matched near- and far-field solutions [6]. Myers and Kerschen 
[7-8] developed analytical models for the compressible high-frequency interaction between a gust convected by a 
subsonic mean flow, and a cambered airfoil at non-zero incidence. They highlighted the mean flow distortion effects 
due to the airfoil angle of attack and camber. Evers and Peake [9] extended the formulation to a transonic mean 
flow. Meanwhile, direct numerical calculation of gust-airfoil interaction noise (which follows mainly an inviscid 
mechanism) has not been explored as much. In order to tackle this problem from a numerical perspective, there 
should be a reliable strategy to seed the inflow disturbances into the computational domain without causing non-
physical reflections from the boundaries, leading to clean acoustic solutions in the far field. This paper proposes a 
modified form of the sponge technique for these purposes with an additional interest in achieving low computational 
cost (smaller domain size and fewer grid cells) compared to conventional airfoil calculations. The outcome of the 
present work will form a basis for efficient calculations of gust-airfoil interaction noise, especially aimed at low-
noise aircraft engine research with more general gust profiles. 
2. Governing equations and numerical methods 
The two-dimensional compressible Euler equations are used in the present work. The fully conservative form of 
the Euler equations with additional forcing terms in sponge zones can be expressed in generalized coordinates as 
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where a∞ is the ambient speed of sound and L is a characteristic length scale (hence, L / a∞ is a characteristic time 
scale). The asterisks represent properties in the generalized coordinates. The vectors of conservative variables and 
fluxes in Eq. (1) are given by 
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The total energy per unit mass is defined as et = p / [(γ − 1)ρ] + (u2 + v2) / 2 and γ = cp / cv is the ratio of specific heats. In 
this paper γ = 1.4 is used for air. The contravarient velocities are given by 
  vuU yx
∗∗∗ += ξξ  and vuV yx ∗∗∗ += ηη  with Jyxyx /),(),( ξξξξ =∗∗  and Jyxyx /),(),( ηηηη =∗∗ . 
The details of the sponge forcing term S in Eq. (2) for sponge zone follow in Section 3. 
2.1. Numerical differentiation: fourth-order compact finite differences 
The spatial derivatives in Eq. (1) are calculated by compact finite difference schemes based on a pentadiagonal 
matrix system and seven-point stencils [10]: 
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where fi and fi′ represent an objective function f (x) and its spatial derivative ∂ f (x) / ∂ x respectively at a location of in-
terest xi. The overbar “¯” represents the numerical approximation. The spatial interval Δx = xi+1 − xi is a constant in-
dependent of the index i in the computational domain where all the grid points are equally spaced. All the coeffi-
cients in Eqs. (3)-(6), which are optimized for high resolution with consistently fourth order of accuracy, can be 
found in [10]. 
2.2. Numerical stability: sixth-order compact discrete filters 
The Euler solution is advanced in time by using a classical fourth-order Runge-Kutta scheme with a given CFL 
number satisfying linear stability. Additional support for overall stability is needed since the current problem in-
volves nonlinear solutions on curvilinear meshes. In this regard, the present work employs a set of discrete compact 
filters with sixth-order accuracy [11], which are particularly suited to the fourth-order compact schemes in Eqs. (3)-
(6). The filters also based on pentadiagonal matrix system and seven-point stencils are given by 
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where Δˆ fi = fˆ i − fi is the difference between the filtered and the original functions. fˆ i represents the numerically fil-
tered value of fi. Once the system of Eqs. (7)-(10) is solved for all Δˆ fi’s in the entire domain, the filtered values fˆ i = 
fi + Δˆ fi are determined subsequently. The filters are applied to the conservative variables as 
  jijijiji ,,,, ˆˆˆ QQQQ ηξ Δ+Δ+=                   (11) 
where Δˆξ and Δˆη represent the filtering with respect to the coordinates ξ and η respectively. It should be noted that 
the coefficients in Eqs. (7)-(10) are not the same as those in Eqs. (3)-(6) although their notation is repeated. The fil-
ter coefficients are determined to set the cut-off wavenumber to κc = 0.88π with a boundary weighting of ε = 0.085 
as recommended in [11]. 
3. Boundary conditions for gust-airfoil interaction 
The objective of present work is to calculate efficiently the unsteady aerodynamic and aeroacoustic response of 
a single Joukowski airfoil to a two-dimensional periodic vortical gust. The test case was originally provided by the 
Fourth CAA Workshop on Benchmark Problems [12]. The gust velocity field is given by 
  )1(gust δ+= ∞uu  & δ∞−= uvgust  with ]/)(cos[),,( 21 Ltuyxkktyx ∞−+−== δδ      (12) 
where L represents the chord of the airfoil, and the constants are set to k1 = 2 /100 and k2 = 2.0. The free stream 
Mach number is M∞ = 0.5. The Joukowski airfoil used has a 12% thickness ratio, 2% camber ratio and angle of at-
tack AoA = 2°, which is equivalent to Case 2 in [12]. The present calculation is carried out in a square domain with 
the airfoil located at the center. The outer part of the domain is surrounded by four sponge zones with a certain 
thickness (LS) as shown in Fig. 1. The overall domain size is represented by LΩ. 
3.1. Conventional sponge conditions 
The conventional implementation of the sponge technique is to set the forcing term in Eq. (1) to 
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Fig. 2. Proposed profile of sponge coefficient 
for velocity forcing given by Eqs. (14) and 
(16) in the case of ε  = 0. LΩ = 8L. LS = 3L. 
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where the coefficient σ = σ (x,y) is zero in the physical zone and grows smoothly in the sponge zones to a specified 
value at the boundaries. Equation (13) forces density and pressure to their ambient values and velocity to the gust 
function given by Eq. (12) in all four sponge zones. This approach is ideal to force the variables to a potential flow 
solution for the Joukowski airfoil, but this does not account for the sound radiation from the airfoil and this paper 
suggests a more general approach. As shown in Section 4.3, the conventional implementation yields significant er-
rors in sound intensity, particularly at the far field, which can be removed by employing the modified sponge condi-
tions proposed in the next subsection. 
 The basic sponge coefficient profile with smooth blending over the corners is given by 
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where Ls denotes the thickness of the sponges as shown in Fig. 1. A 
recommended value of the sponge coefficient (σ0) for this particu-
lar problem can be found in Section 4. A typical profile of Eq. (14) 
can be found in [13]. 
3.2. Proposed sponge conditions 
This paper proposes a modified form of the sponge conditions 
aiming to use a significantly smaller domain size and fewer grid 
cells than the conventional airfoil calculations. For these purposes, 
two additional features are suggested – (a) forcing pressure instead 
of total energy (multiplied by density) in the last row of Eq. (13); 
and (b) introducing a weighting factor (λ) to the velocity forcing 
terms. The modification is represented by 
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where the sponge coefficient σ = σ (x,y) is the same as Eq. (14). The 
modified forcing term no longer conforms with the conventional 
form: Snew ≠ σ (Q − Qref); however each component is still dimen-
sionally consistent. The modification (a) is intended to focus more 
on the pressure forcing since forcing applied to the total energy 
overrides the density and velocity forcing which already take place 
in the first three rows of Eq. (13). The modification (b) gives better 
control over the velocity forcing depending on the problem type. 
The weighting factor λ in Eq. (15) is given as a function of x 
(the direction of mean flow), which places more weight on the upstream area than downstream for the velocity forc-
ing where the centre of the body is located at x = 0. The weighting factor decreases from 1 to ε / (2 + ε) as x in-
Fig. 1. The layout of sponge zones for the 
calculation of gust-airfoil interaction noise. 
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creases, where ε is an ad-hoc constant to control the weighting in the downstream area (ε ≥ 0). In this paper, ε  is set 
to 2 / 9 with which the weighting factor reduces to ε / (2 + ε) = 1 / 10 in the downstream region. This weighting factor 
effectively modifies the sponge coefficient profiles for the velocity components, while the density and pressure keep 
the original profile given by Eq. (14). The effective sponge coefficient profile (σ multiplied by λ) is plotted in Fig. 
2, where the velocity forcing is concentrated in Sponge 1 and diminished through Sponge 2 and 3 to zero in Sponge 
4. The controlled velocity forcing helps avoid excessive constraint on the outflow condition where the velocity pro-
file no longer follows the prescribed gust function. It may be necessary to extend Sponge 4 with progressive grid 
stretching if the wake generated from the trailing edge causes significant acoustic reflections at the exit boundary, 
particularly in Navier-Stokes calculations. 
Characteristic non-reflecting boundary conditions [14] are implemented on the outer edges of the sponge zones 
with all the amplitudes of incoming waves set to zero in order to minimise numerical reflections. The airfoil surface 
is calculated by a characteristic wall boundary condition which ensures zero normal velocity at the surface [14]. 
4. Application to a benchmark problem 
This section provides numerical results for the gust-airfoil interaction problem defined in Section 3 using the 
numerical methods introduced in Section 2. The structured grid with non-orthogonal stretched meshes is shown in 
Fig. 3. The grid topology consists of six virtual blocks divided by six singular grid lines emerging from the leading 
edge and the trailing edge, across which the transformation Jaco-
bian and metrics in the generalized coordinates are no longer con-
tinuous. The grid singularity is avoided by using the multi-block 
treatment introduced in [15]. The baseline grid shown in Fig. 3 has 
17,472 (168×104) cells in total, where 64 are on each side of the 
airfoil, 52 upstream and downstream, and 52 upward and down-
ward, respectively. The smallest cell located at the leading edge 
has Δx / L = 0.0075 and Δy / L = 0.0053. 
The time step is determined by using the same CFL number of 
0.95 in every case. Each calculation runs until a∞t / L = 50 after 
which the mean flow has travelled 25 times the chord, where M∞ 
is ramped from 0 to 0.5 until a∞t / L = 10 in order to avoid spurious 
solutions in the early stage of the calculation. The final data are 
collected within the last period of the gust and used to post-
process the solutions. It has been checked that the statistics of the 
solutions are fully converged and do not change thereafter. The re-
sulting velocity fields are shown in Fig. 4 where the mean and the 
perturbed (due to the gust incidence) velocity magnitudes are plot-
ted using the definitions V = (u2 + v2)1/2 and ΔV = V − <V>, where 
“< >” denotes averaging in time. It is seen that the resulting inci-
dence angle of the gust waves is +45 degrees from the direction of 
the mean uniform inflow. 
Extensive parametric tests of domain size, sponge thickness, 
sponge coefficient and the number of grid cells have been per-
formed in order to check their influence on the mean aerodynam-
ics and acoustics. The performance and efficiency of the proposed 
sponge conditions are demonstrated via comparison with two 
benchmark solutions by [16] and [17]. Wang et al. [16] used a 
second-order method with 643,744 cells and a domain size of LΩ = 
11.5L. They mentioned that their non-reflecting boundary condi-
tions had some reflections up to 5% of the maximum value of the 
acoustic field. Golubev et al. [17] used a fourth-order method with 
145,200 cells and a domain size of LΩ = 7L. They employed Tam 
and Webb’s [18] boundary conditions that are based on linearized 
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Fig. 3. Baseline grid used: entire (top) and 
zoomed (bottom) views. 
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Fig. 5. Gust-airfoil interaction sound. Instantane-
ous contours of Δp / (ρ∞u∞2) plotted with 201 lev-
els from −5 to +5×10−4. LΩ = 8L. LS = 2L. σ0 = 4. 
Euler equations and asymptotic solutions. The current work em-
ploys only 17,472 cells to obtain the same level of accuracy in 
both near and the far field with the help of the proposed bound-
ary conditions. Further comparison with the conventional sponge 
conditions is made at the end of this section, focusing on the ac-
curacy of the far-field sound intensity. 
4.1. Mean aerodynamics 
Time-averaged (mean) pressure distribution around the air-
foil surface has been checked in [13] across a variety of cases for 
the baseline grid shown in Fig. 3. It is shown that the mean wall 
pressure profiles converge to the reference solution as the over-
all domain size (LΩ) increases, and the difference from the refer-
ence profile is within 0.5% for LΩ ≥ 8L. The profile undergoes 
little change across three different values of the sponge thickness 
(LS). The effect of sponge coefficient (σ0) is shown in [13], 
which reveals that the mean wall pressure profile is hardly af-
fected by the sponge coefficient for σ0 ≥ 2. It should be noted 
that the conventional sponge conditions described in Section 3.1 
yield almost identical results to those by the proposed sponge 
conditions as far as the mean wall pressure profiles are con-
cerned. However, the discrepancy becomes clear when the 
acoustic wave propagation in the far-field region is considered, 
as discussed in Section 4.3. 
4.2. Aeroacoustic properties 
The parametric tests from Section 4.1 reveal particular 
ranges of the parameters (overall domain size, sponge thickness 
and sponge coefficient) required to meet a certain level of accu-
racy in the mean wall pressure profile (i.e. the mean aerodynam-
ics). The recommended ranges are: LΩ ≥ 8L, LS ≥ 1L and σ0 ≥ 2. 
Further investigation is needed to see the effects of the parame-
ters on the perturbed pressure distribution and the propagation of 
acoustic waves. In order to maximise the computational effi-
ciency, the overall domain size is fixed at LΩ = 8L. Recom-
mended values of the other parameters are given at the end of 
this section. Sound propagation from the airfoil is visualized by 
plotting Δp (= p − <p>) in Fig. 5 where it is seen that most of the 
sound intensity is directed slightly upstream of the y-axis. This 
is due to the fact that the wall pressure fluctuation is strongest 
near the leading edge as shown in Fig. 6 and it generates a di-
pole sound pattern weighted towards the upstream direction. 
Figure 6 shows profiles of root-mean-squared (RMS) pressure 
fluctuation <Δp2>1/2 on the airfoil surface for different sponge 
thicknesses (LS) and sponge coefficients (σ0). It can be seen that 
all the values recommended from the mean aerodynamic study 
also yield satisfactory results for surface pressure fluctuations 
within a tolerable margin of deviation from the reference solu-
tion, taking into account the amplitude of perturbation compared 
to the mean pressure. 
∞
><
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Δ
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Fig. 4. Contour plots of mean (top) and perturbed 
(bottom) velocity magnitudes. 
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Fig. 6. RMS wall pressure fluctuation with different values of LS (left, σ0 = 4) and σ0 (right, LS = 2L). LΩ = 8L. 
Fig. 7. Sound intensity on R = 1L with different values of LS (left, σ0 = 4) and σ0 (right, LS = 2L). LΩ = 8L. 
Fig. 8. Sound intensity profiles on R = 4L with different values of LS (left, σ0 = 4) and σ0 (right, LS = 2L). LΩ = 8L. 
The dipole sound intensity <Δp2> measured on a circle of R = 1L and R = 4L is provided in Figs. 7 and 8 for dif-
ferent sponge thicknesses and sponge coefficients. The circles defined by R = (x2 + y2)1/2 represent the distance from 
the center of the airfoil (x, y) = (0, 0). It can be seen from Figs. 7 and 8 that the current solutions agree very well with 
the reference solutions for LS ≥ 2L and σ0 ≥ 3, given LΩ = 8L, which has been determined for the mean aerodynam-
ics. However, the cases with LS = 1L or σ0 = 2 yield spurious results particularly in the far field (R = 4L) as shown in 
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Fig. 8. To this end, an optimal combination of (LΩ, LS, σ0) = (8L, 2L, 4) is recommended for both near-field aerody-
namics and the far-field acoustics associated with airfoil calculations. This combination was also applied to a finer 
grid which has four times as many cells (69888 in total) with half the Δx and Δy as the baseline grid, hence twice the 
resolution uniformly in every direction. Figure 9 shows that the results for the refined grid are in almost perfect 
agreement with the baseline grid case, which confirms the grid convergence of the current calculations. 
Fig. 9. Grid convergence test between baseline and refined grids: sound intensity on R = 1L (left) and R = 4L (right). 
4.3. Comparison with conventional sponge conditions 
The same parametric tests as above have been made with the conventional sponge conditions described in Sec-
tion 3.1 for comparison purposes. It has been found that the conventional sponge conditions provide almost identical 
results with the proposed ones in terms of the mean pressure and the RMS pressure fluctuation profiles on the airfoil 
surface. However, a significant difference in the far-field acoustic solutions was observed in [13]. The conventional 
sponge conditions yield inconsistent results, for example an under-prediction on R = 1L but an over-prediction on R 
= 4L. They also show inconsistent behaviour with sponge thickness, where the solution suddenly collapses at LS = 
2L yielding a significantly rugged profile which is not improved by applying different sponge coefficients. This is 
presumably due to their excessive forcing (blockage effect), since all the variables are forced in the entire boundary 
area. The blockage effect may be diminished by using a larger domain, but this requires more computational effort. 
5. Application to high-frequency gusts 
Based on the successful sponge conditions and optimized parameters, high frequency gust-airfoil interaction 
noise is investigated in this section. Three different high wavenumbers (k2 = 2π, 4π and 6π) and two different inci-
dence angles (−45° and +45°) of the gust are tested. These high wavenumbers provide the wavelength of the gusts 
equivalent to 1, 1 / 2 and 1 / 3 of the airfoil chord, respectively. The gust function keeps the same form with Eq. (12) 
for the +45° incidence case, but the −45° incidence case comes with some changes, i.e.: 
  )1(gust δ+= ∞uu  & δ∞−= uvgust  with ]/)(cos[),,( 21 Ltuyxkktyx ∞−+−== δδ  for +45°, 
  )1(gust δ+= ∞uu  & δ∞+= uvgust  with ]/)(cos[),,( 21 Ltuyxkktyx ∞−−−== δδ  for −45°.   (17) 
The additional case of Eq. (17) satisfies the divergence-free condition as in the original case, which means that the 
gusts themselves do not generate a pressure fluctuation in the free field and the sound measured is purely from the 
interaction with the airfoil. The amplitude of velocity perturbation (k1 = 2 /100) and the mean inflow Mach number 
(0.5) are kept the same as for the low-frequency case. Also, the same Joukowski airfoil with a 12% thickness ratio, 
2% camber ratio and angle of attack AoA = 2° is used. The optimal sponge parameters and domain size (LΩ, LS, σ0) 
= (8L, 2L, 4) obtained in Section 4 are consistently used for the high-frequency cases. 
The meshes used in this section are much finer than the baseline grid shown in Fig. 5, to accommodate the high-
frequency/wavenumber gusts. In each case, it is ensured that the lowest grid resolution at the outer boundaries is 
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maintained between 7 and 8 grid cells per wavelength, which is equivalent to the low-frequency case validated in 
the previous section. The total numbers of grid cells used here are: 56,000 (280×200); 200,000 (500×400) and 
432,000 (720×600) for k2 = 2π, 4π and 6π, respectively. 
Fig. 10. Sound propagation due to high-frequency (k2 = 6π) gust-airfoil interaction in +45° (left) and −45° (right) of 
gust incidence. Instantaneous contours of perturbed pressure Δp / (ρ∞u∞2) plotted with 101 levels from −2 to +2×10−4 
(left) and −1 to +1×10−4 (right). 
Fig. 11. Sound intensity profiles on R = 4L with different incidence angles: +45° (left) and −45° (right). 
Fig. 12. Sound intensity profiles on R = 4L with different gust frequencies: k2 = 2π (left), 4π (centre) and 6π (right). 
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Figure 10 shows the high-frequency sound propagation in the case of k2 = 6π where the wavelength of the gust 
is 1 / 3 of the airfoil chord. Complex propagation patterns associated with refraction and scattering due to the sharp 
trailing edge are observed. It is also seen that the propagation pattern varies significantly with the gust incidence an-
gle although the amplitude and wavelength are the same. Figures 11 and 12 reveal the high-frequency sound inten-
sity profiles measured on a circle of R = 4L, which shows quantitatively the changes in sound propagation with dif-
ferent gust wavelengths and incidence angles. It can be seen that the overall sound pressure level decreases as the 
frequency increases, and the −45° incidence cases are consistently quieter than the +45° cases regardless of the fre-
quencies. It is also confirmed that the directivity pattern varies substantially with the incidence angle as well as the 
frequency. 
6. Concluding remarks 
Modified sponge boundary conditions have been successfully implemented for the calculation of gust-airfoil in-
teraction noise. The new sponge treatment is proven to perform more accurately and consistently than the conven-
tional sponge conditions particularly for long-range propagation of sound waves. The proposed boundary conditions 
enable the use of a significantly smaller domain size (down by nearly a factor of three in length) and fewer grid cells 
(as low as 2.7% in two dimensions) than those of conventional airfoil calculations. An optimal combination of the 
sponge parameters (LΩ, LS, σ0) = (8L, 2L, 4) that provides the most efficient calculation for this particular problem is 
achieved through rigorous parametric tests. The proposed boundary conditions enable us to calculate high-frequency 
gust-airfoil noise at a similar or even reduced computational cost compared to that used for the low-frequency refer-
ence solutions. It is shown that the gust-airfoil noise is a function of gust incidence angle as well as the fre-
quency/wavelength. The enhanced efficiency of the present treatment makes applications to gust-airfoil interaction 
for aircraft engine noise research more feasible particularly when considering three-dimensional calculations with a 
series of high-frequency gust components superimposed. 
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